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The properties of neutron stars constituted of a crust of hadrons and an internal part of hadrons 
and kaon condensate are calculated within the quark-meson-coupling model. We have considered 
stars with nucleons only in the hadron phase and also stars with hyperons as well. The results are 
C \ compared with the ones obtained from the non-linear Walecka model for the hadronic phase. 



PACS nuniber(s): 26.60.+c,24.10.Jv, 21.65. -ff,95.30.Tg 



I. INTRODUCTION 

Neutron stars are stellar objects produced as a result of supernova explosions. They are highly 
condensed since their masses are of the order of one to two times the solar mass, but their radii are 
only 10 to 12 Km. When a neutron star is born its temperature is of the order of 10^^ K but in a 
few days it cools down to about 10^° K by emitting neutrinos. The temperature at the surface is 
about one- tenth that of the interior temperature and it was found that it radiates x-rays. Neutron 
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O ' stars are normally treated as zero temperature stellar objects because their temperatures, although 

^ , high, are still very low as compared with their characteristic energies of excitation. Unfortunately 

t/^ ' the x-ray emissions are still not well understood to give a clear picture of the possible interior of 

^ ' the neutron stars. Their outer crust is believed to be formed mainly by nuclei and electrons and, 

as density increases free neutrons are also expected to appear. The inner core of the neutron stars 
k> I however are still a source of expeculation, some of the possibilities being the appearance of hyperons, 

, of a mixed phase of hyperons and quarks, only quarks or pion and kaon condensates. 

' The equation of state (EOS) and the internal constitution of the neutron stars depend on the 

nature of the strong interaction. One possibility is the existence of matter with strangeness to baryon 
ratio, S/ B, of order unity. In a compact stars strangeness may occur in the form of fermions such 
as A and S" hyperons, as a Bose condensate i.e. K~ meson condensate or in the form of strange 
quarks in the mixed phase of hadrons and quarks or in a pure quark phase. In the hadron phase, 
hyperons influence the neutron star structure ilj,i2j. Keplon and Nelson 3] have suggested that, above 
some critical density, the ground state of baryonic matter might contain a Bose-Einstein condensate 
of negatively charged kaons. There is a strong attraction between K~ mesons and baryons which 
increases with density and lowers the energy of the zero momentum state. A condensate is formed 
when this energy equals the kaon chemical potential fji. Hence, in neutron stars charge neutrality favors 
kaon condensation because the neutrons at the top of the Fermi sea decay into protons plus electrons, 
which in turn, have an increase in the energy as the density increases. When the electron chemical 
potential equals the effective kaon mass, the kaons are favored in helping with the conservation of 
charge neutrality because they are bosons and can condense in the lowest energy state. For this 
reason mesons are the ones normally included in the calculations since their charge is the same 
as the electric charge. 

Many calculations for EOSs in dense matter show that the hyperons appear at densities above 
^ (2 — 3)po where po denote the equilibrium nuclear matter density. Typically, the critical density 
for condensation is ~ (3 — 4)po in nucleon matter (although it is model and parameter dependent). 
A density of this order is smaller than the central density of the neutron star, so a K~ condensate 
could be present in its core. The possibility of kaon condensation in the dense interior of neutron stars 
was investigated with the help of a chiral 's'l and the non- linear Walecka model (NLWM) || for the 
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description of the hadronic phase 's', 'g', . In |^ , the baryonic octet was also included. In ^ results 
obtained within the Zimani and Moskowski (ZM) model |9| at zero and finite temperature, have also 
been discussed. 

In previous works, we have extensi vely discussed many possible EOS used to describe hybrid stars 
either after the deleptonization era jlfl uM or before it has taken place, when neutrinos are still 
trapped inside the star 12]. The hybrid stars are constituted of a hadronic phase, present in the 
outer and crust parts of the star, a mixed phase of hadrons and quarks and possibly a central part 
composed of quarks only. In the afore mentioned works we have always followed a Gibbs prescription 
in the construction of the mixed phase. The implementation of Gibbs criteria for phase coexistence 
requires a global charge neutrality condition and results in a smooth EOS where no discontinuities 
are present. Both independent neutron and electron chemical potentials are enforced to be identical 
in both hadron and quark phases at the phase transition point. 

In the present work, we investigate the phase transition from a hadronic phase to a phase with 
baryons and kaon condensate using the quark- meson-coupling model (QMC) [13) 13 including hyper- 
ons in order to describe the hadron phase. In the QMC model, baryons are described as a system 
of non-overlapping MIT bags which interact through the effective scalar and vector mean fields, very 
much in the same way as in the Walecka model. Nevertheless, the quark degrees of freedom are 
explicitly taken into account and the coupling constants are defined at the quark level, what makes 
the QMC a richer model mainly when the properties of mesons in nuclear medium are investigated. 
Here we treat the kaons as MIT bags and the couplings of kaons to mesons are determined from the 
formalism. 

In the in-medium kaon and anti-kaon properties were studied within the QMC framework. Next 
we use their prescription to find the kaon properties namely, the bag radius in medium, the effective 
mass of the baryons, the coupling of kaons with hyperons. 



II. THE QUARK-MESON COUPLING MODEL FOR HADRONIC MATTER WITH 

KAONS 

In the QMC model, the nucleon in nuclear medium is assumed to be a static spherical MIT bag 
in which quarks interact with the scalar and vector fields, a, iv and p and these fields are treated as 
classical fields in the mean field approximation. The quark field, ipq{x), inside the bag then satisfies 
the equation of motion: 



ipq{x) = , q = u,d,s, (2.1) 



where ctq, 1^0 and 603 are the classical meson fields for sigma, omega and rho mesons, is the 
current quark mass, r^q is the third component of the Pauli matrices and g%, and are the quark 
couplings with cr, u and p mesons. The normalized ground state (s- state) for a quark in the bag is 
given by [ll|li 



%ir, t) = Mq exp i-ieqt/RB) ( . . £° i^.^^^^^ a ) 4^ - (2-2) 



1 „ , \ ^ I Qq - Rb m* 



where 

eq = nq + Rs [gl . + -,^3,^03 j ; = ^ ' (2-3) 

with fig = \Jx'^ + {Rb fTT-q)^, m* = m° — cr, Rb is the bag radius of the baryon, B, Xq is the quark 

spinor and Afq is the normalization constant. The quantities ipq, eg, (3q, Mq, ^q, m* all depend on the 
baryon considered. The boundary condition at the bag surface is given by 

17 • nV'g = V'? , (2.4) 

which reduces to jo{xq) = (3qji{xq) for the ground state and determines the dimensionless quark 
momentum Xq. The energy of a static bag describing baryon B, consisting of three ground state 
quarks, can be expressed as 

Eb'-T.^,^-^ + 1-RIBb, (2.5) 
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where Zb is a parameter which accounts for zero-point motion and Bb is the bag constant. The 
set of parameters used in the present work is given in for the bag value S]/'' = 210.854 MeV, 
5.5 MeV and m° = 150 MeV. The effective mass of a nucleon bag at rest is taken to be 

M*B = e"^^^. (2.6) 

As in we assume that the kaons are described by the static MIT bag, in the same way as the 
nucleon and the hyperons. Moreover, the ct, w and p mesons are only mediators of the u and d quarks 
inside the kaons. Similarly the effective mass for the kaon is given by 

m\^^h±^~^ + \^RK^BK. {q^u,d) (2.7) 

For our calculation, we have fixed the bag constant, Bk, same as for the nucleon and from the kaon 
mass and the stability condition at vacuum, we have Zk = 3.362 and Rk — 0.457 fm for Rn = 0.6 
fm. The equilibrium condition for the bag is obtained by minimizing the effective masses Mg and 
with respect to the bag radius 

^^^-0 (2.8) 



and 



^ - (2 9) 



For the QMC model with kaons, the equations of motion for the meson fields in uniform static 
matter are given by 



m 



la^Y.9^BCB{a)^-^^ k'dk + g.KPK, (2.10) 
g 27r-^ Jq [fc2 + M*2(cr)]^/2 

mliOo = Y.9^B{'2JB + l)k%/{6Tr^)-g^K Pk, (2.11) 

B 

m^6o3 = Y.9pBhB {2Jb + 1) 4/(67r') - gpK Pk- (2.12) 

B 

In the above equations Jb, Isb and fc^ are respectively the spin, isospin projection and the Fermi 
momentum of the baryon species B and pK is the kaon density. In Eq. H2.10|l we have 



3aBCB[cr) = — — = ^— = 2^ nqglSB{(T) 

q—u,d 



(2.13) 



where 



r _ nJ2 + RBm*(n„-i) 

Sb{<t)^ dr^^i;, = -f- ^^)-L>- q^(u,d). (2.14) 

Jbag ^q[^q " 1) + RBm*/2 

After self-consistent calculation, the kaon effective mass, can be parametrized as |15| 

m*j^ = rriK - gaK{cr)a ~ niK ~ ^9crN (l - -^5(t7vct) ct, (2-15) 

where at = 0.00045043 MeV"^ for i?Ar = 0.6 fm. 

Boosting the bags we get the dispersion relation for the kaons 

) = \/ "T-K^ + k2 ± {g^K^^o + ^9pKT3qbo3)- (2.16) 
The above prescription is equivalent to using, for the kaon sector, the effective lagrangian density 

m 

Ck =V*^K*V''K -m*KK*K, (2.17) 
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with 

'C'ti = df, + igujKUJf_c + i^gpK T -h^. (2-18) 

and the effective kaon mass defined by H2.7|l . 

We have used ^ g$ = 5.957, g^N = Sg^SNiO) = 8.58, g^jN = 8.981, gpN = 8.651 with g^N = 3g^ 
and gpN ~ gp- We have taken the standard values for the meson masses, = 550 MeV, rriu, = 783 
MeV and nip = 770 MeV. The hyperon couphngs are not relevant to the ground state properties of 
nuclear matter, but information about them can be available from the levels in A hypernuclei In 
this work we have used g^rB = x^b 9gN, QujB = x^b 9ujN, 9pB = XpB gpN and x^tb, x^b and XpB 
are equal to 1 for the nucleons and equal to \/^J^ for the other baryons . Note that the s-quark is 
unaffected by the sigma, omega and rho mesons i.e. 5^ = gf, = ffp = . The kaon couplings are given 

by guiK = \gu>N: gpK = gpN 

The total energy density and the pressure including the leptons and the kaons can be obtained from 
the grand canonical potential. The kaons do not contribute directly to the pressure as they are in a 
s-wave Boson condensate, but do contribute to the energy density. The leptons are included as a free 
Fermi gas since they only interact with the baryons via the weak interaction. We then obtain: 



1 22,1 22,1 22 



B ^ I ^ 

where 

EK = m^j^pK, (2.20) 



D -"^22, -"^22, ^22 

1 2Jb + 1 k^dk 1 V 1 fc'^fc .22n 

3^ 2^2 j^2^^^,2(^)]i/2 + 3^7r2yo [p + ^2]i/2- ^ 

The lepton Fermi momenta are the positive real solutions of (/Cg + rr?^)^!'^ = /ig and (A;^ + m^)^/^ = 
[ip ~ /ig. The equilibrium composition of the star is obtained by solving the set of Eqs. (|2.10() - 
(|2.12(l in conjunction with the charge neutrality condition (|2.22|l at a given total baryonic density 
p — X]b(2'^-B + l)fcB/(67r^); the baryon and kaon effective masses are obtained self-consistently in the 
bag model. 

The charge neutrality condition yields 

E<ZB(2JB + l)fc|/(6vr2)+ J2 qikf/ii7r^)-pK^0, (2.22) 

B l — e,p 

where qb corresponds to the electric charge of baryon species B and qi corresponds to the electric 
charge of lepton species I. Since the time scale of a star is effectively infinite compared to the weak 
interaction time scale, weak interaction violates strangeness conservation. The strangeness quantum 
number is therefore not conserved in a star and the net strangeness is determined by the condition 
of /3-equilibrium which for baryon B is then given by fiB — ^sMn ^ QBfJ'e, where p,B is the chemical 
potential of baryon B and 6b its baryon number. Thus the chemical potential of any baryon can be 
obtained from the two independent chemical potentials /Lf„ and /Ug of neutron and electron respectively. 



III. RESULTS 



We have always used the parameter set mentioned in the previous section. The parameter set 
proposed in was not used since the program fails to converge at high densities for larger bag radius. 
As the kaons are only present within these range of densities, we have opted to use a parametrization 
with a smaller bag radius. In what follows we look at the neutron star properties that has a phase 
transition from a hadron phase described with the QMC model to a phase with hadrons and a kaon 
condensate. 
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In figure^, we show the EOSs obtained in QMC model for the nucleons and nucleons plus kaon 
phase. A kaon condensation is possible for densities greater than 3.5poi where po is the saturation 
density. If hyperons are included, fig. case, kaon condensation appears at even higher densities. In 
order to compare the results obtained with the QMC model with the ones obtained with the NLWM, 
we also plot the EOS for the NLWM in figures^ and^. If no hyperons are present (fig. ^), at 
densities which allow kaon condensation, both models practically coincide, although the EOS for the 
NLWM with nucleons only presents a harder EOS than the QMC model. Including hyperons makes 
the NLWM EOS softer than the QMC one. We conclude that the inclusion of strangeness in a harder 
EOS, like the NLWM EOS, has much larger effects. At this point it is worth emphasing that in all 
EOS and star properties depend on the choice of the potential which fixes the scalar coupling constant 
in the NLWM, which is not the case in the present work within the QMC model since this coupling is 
density dependent and an outcome of the calculation depending on the bag properties. In figure |21 we 
plot the density dependence of the kaon-sigma coupling for symmetric nuclear matter, /3-equilibrium 
nuclear matter and /3-equilibrium hadronic matter with hyperons. The last curve lies below the f3- 
equilibrium nuclear matter, closer to the symmetric nuclear matter result, because including hyperons 
increases the proton fraction. For the NLWM we have g^K = 1-773. In figureOlwe show the kaon and 
nucleon effective masses. Notice that the mass of the nucleons are more affected by the medium than 
that of the kaons, but both decrease quite a lot at the high densities present in neutron stars. 

We define the kaon optical potentials in the present formalism as Vr-± = to^ — mi^ ± g^^x ^o- With 
the present choice of parameters for the QMC model, the K'^ potential is of the order of -22 MeV and 
K~ potential amounts to -123 MeV at the saturation density. In table I we show how these potentials 
vary with the bag radius at saturation point. Although the potential does not vary much, the K~ 
potential changes quite drastically with the choice of the bag radius. Another point of interest is the 
fact that, according to [3, the K+ feels a weak repulsive potential and the K a strong attractive 
one. The kaon flow in heavy-ion collisions was shown to be consistent with the predictions of the chiral 
perturbation theory and the values for the and K~ potentials were calculated around 10 and -100 
MeV respectively. In order to obtain a value approximately equal to 10 MeV for the potential, 
we could have rescaled the coupling g^K as 1.625 g^K for nucleon bag radius Rn = 0.6 fm and kaon 
bag radius Rk = 0.457 fm. The authors of T^l faced the same problem but they concluded that the 
rescaling did not alter any of their qualitative result. Also in (15j they pointed that this shortcoming 
has its origin in the fact that the bag model does not deal properly with the Goldstone nature of the 
ii'-mesons. In fig. 0]we show that, although both potentials are attractive at the saturation density, 
the potential becomes repulsive at ~ 2.5po. Increasing the kaon bag radius would only give rise 
to a small decrease of the potential, namely for Rk = 0.6 fm we obtain Vx+ = — 19 MeV at 
saturation density. For the NLWM calculations we have chosen the K~ potential as -123 MeV and 
plotted the EOS in fig ^ so that the comparison with the QMC model would be more appropriate. 
For the NLWM we have calculated the K'^ potential as being around 16 MeV at saturation density. 



TABLE I: Potential for and K at the saturation point for different bag radius 



Rn (fm) 


VK+{MeV) 


Vj(- (MeV) 


0.6 


-22 


-123 


0.8 


-24 


-110 


1.0 


-24 


-98 



In figure lOi) and (b) we show the particle population for different densities including the possibility 
of kaon condensation, respectively, without and with hyperons. If we compare these figures with the 
figures which display particle population in 0, where the NLWM was used for the description of 
hadrons, we can see that within these models the electrons and muons disappear at smaller densities 
than in the present work. If the hyperons are considered, kaons appear at a higher density, ~ 4po- 
Within the present parametrization the appears at lower densities than the A but as soon as the 
condensates forms, it decreases suddenly. 

In figure El we show the mass radius relation of the neutron stars. In order to describe the crust of 
the stars we use the well known BPS EOS calculated in |23| for very low densities. 

Constraints on the mass to radius ration can be obtained from accurate measurements of the 
gravitational redshift of spectral lines produced in neutron star photospheres. A redshift of 0.35 
from three different transitions of the spectra of the X-ray binary EXO0748-676 was obtained in p^ . 
which corresponds to M/R = Q.15MQ/km. Another constraint to the mass to radius ratio given by 
M/R = 0.069Mo/fcm to AI/R — 0.115Mo/fcm was determined from the observation of two absorption 
features in the source spectrum of the IE 1207.4-5209 neutron star |2^. In this second case, however. 
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the interpretation of the absorption features as atomic transition Unes is controversial. In refs. '24','25| 
the authors claim that the absorption features are of cyclotron nature, which would make the related 
constraints unrealistic. In figureElwe have added the lines corresponding to that constraints. We can 
see that all the curves presented in this work are consistent with the constraints. 

In table II we show the stellar properties for the EOS discussed above, namely, the maximum 
gravitational and baryonic masses, the central energy density and the radius of the star with the 
maximum mass. From table II and figure one can observe that the maximum gravitational mass 



TABLE II: Hadronic and hybrid star properties for the EOSs described in the text 



type 


hadron model 


Mma:c{MQ) 




R (Km) 


eo (fm-*) 


np 


QMC 


2.20 


2.59 


12.15 


5.74 


np+kaon 


QMC 


2.05 


2.36 


12.94 


4.80 


np+hyperons 


QMC 


1.98 


2.28 


11.76 


5.87 


np+hyperons+kaon 


QMC 


1.94 


2.27 


12.00 


5.47 


np 


NLWM 


2.40 


2.90 


12.23 


5.44 


np+kaon 


NLWM 


2.08 


2.42 


13.21 


4.32 


np+hyperon 


NLWM 


1.90 


2.09 


11.94 


5.49 


np+hyperon+kaon 


NLWM 


1.84 


2.04 


12.52 


5.03 



always decreases when kaons are introduced, a consequence of the fact that the EOS for /^-equilibrium 
matter is softer with the presence of the strangeness. In our calculations the maximum gravitational 
mass in the QMC model always decreases with the inclusion of kaon by a small amount, ^ 0.15Mq('^ 
O.OSMq) without (with) hyperons. Different NLWM models were mentioned in 18], where the decrease 
obtained with the introduction of kaon condensate was of the order of 0.4 Mq, a number that can 
change by about 20% when different nuclear EOS are used. This is in agreement with the results 
we have obtained within a NLWM parametrization for which the decrease is about 0.32 Mq. The 
difference between NLWM and QMC model is due to the fact that the QMC nucleon EOS is softer and, 
therefore the effect of including kaons is not so large as in the NLWM. The maximum baryonic mass 
follows the same trend as the gravitational mass. The radius always increases with the introduction 
of the kaon condensate and the central energy density decreases, again due to a softer EOS. Although 
a nuclear compact star within the NLWM has a higher mass than within the QMC model, once we 
consider the possibility of kaon condensation both models give similar results. Including hyperons 
together with a kaon condensation decreases slightly the maximum gravitational mass, as expected 
because we are using a softer EOS, but it has also the effect of decreasing the radius as compared 
with nucleons plus kaons and increasing the central energy density. If we compare a star buit from 
a EOS with nucleons plus hyperons with a star containing nucleons plus kaons, we observe that they 
both present similar maximum gravitational masses, slightly larger for the second case, the radius 
and central energy density of the corresponding stars are quite different: in a nuclear star with kaon 
condensation the maximum central energy density is quite low and therefore the radius large. This is 
true both within the QMC and the NLWM models. 

In summary, we have investigated within the QMC model the consequences of including kaon con- 
densation on the EOS and related compact star properties. Within the QMC the kaon-sigma coupling 
constant is obtained self-consistently with the calculation of the kaon effective mass. This definition of 
the kaon-meson couplings gives rise to a K'^ optical potential which is slightly attractive for densities 
smaller than 2.5/9o; contrary to what was predicted by a chiral model jloj . Some conclusions with 
respect to compact star properties described within the present formalism are: a) kaon condensation 
makes the EOS softer and reduces the maximum allowed stellar masses . A similar effect is obtained 
with the inclusion of hyperons. Including only kaons does not reduce the maximum mass so much 
as including only hyperons, however, the radius of the maximum mass configuration is larger and its 
central energy density smaller; b) these same conclusions were confirmed within the NLWM although 
the mass reduction due to the inclusion of strangeness is larger in this model; c) the inclusion of 
both hyperons and kaon condensation makes the EOS even softer, decreasing the maximum star mass 
allowed, but also increasing the central energy density and decreasing the radius with respect to the 
stars with kaon condensation only; d) finally the inclusion of strangeness in the EOS of compact stars 
within the QMC model does not have such a strong effect as when the NLWM models are used. The 
existing constraints on the mass to radius ratio do not exclude any of the EOSs discussed in the 
present work. 
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FIG. 1: Pressure versus energy density for different EOSs 
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FIG. 2: Kaon-(T coupling constant, g^K versus density obtained within the QMC model 
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FIG. 3: Effective nucleon and kaon masses versus density obtained with the QMC model 




10 




FIG. 6: Mass versus radius of the compact stars for the QMC model 



